or

T, = 0.944 C,1/6 (1 — T 2)%/3 (28b)
since D, = T,C,}? by definition. Equation (28) has been
found experimentally to be valid over a 20,000-fold range
of dimensionless speed C, (6).

As compared with the theory previously developed for
power model fluids, this Ellis model theory agrees with
Newtonian results over a wider range of C,. It also in-
corporates the behavior at low stress, as well as at inter-
mediate stress. Therefore, it is believed that this new
theory will predict the behavior of Ellis fluids. However,
final verification must await suitable data.
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"~ NOTATION

ag, a; = rheological constants, Equation (1)

Co, Cy = dimensionless speed, Equations (11} and (12)

D, = dimensionless thickness, Equation (20)

e = small dimensionless number

gz g = gravitational acceleration, cm./sec.?

h = film thickness, cm.

ho = film thickness in the constant thickness region 1,
cm.

L = dimensionless coordinate, Equation (7)

m = parameter as defined by Equation (3)

P = capillary pressure, dyne/sq.cm.
Q1, Q3 = flux in regions 1 and 2, Equations (5b) and

(4b)
R = radius of curvature, cm.
Ry, R;, R; = dimensionless coordinate, Equations (8),

{18), and (24b)
T,, T:, T; = dimensionless thickness, Equations (9),
(10), and (15)

U = vertical fluid velocity, cm./sec.

Us, Uy = velocity at surface and of the wall, cm./sec.

X,y = rectangular coordinates, see after Equation (2a)

Greek Letters

o = rheological exponent, Equation (1), dimension-
less

p = fluid density, g./cc.

o = fluid-gas surface tension, dyne/cm.

ryz = shear stress, dyne/sq.cm.
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The Use of Diagnostic Parameters for Kinetic Model Building

J. R. KITTRELL, W. G. HUNTER, and RELJI MEZAKI

In a previous paper (1) it was shown how an analysis
of residuals of a diagnostic parameter could not only indi-
cate the inadequacy of a proposed model for a heterogene-
ous chemical reaction but also could indicate how the
model might be modified to yield a more satisfactory
model. In this communication, we wish to present addi-
tional results on the exploitation of the functional form
of a proposed model through the use of diagnostic param-
eters. The use of such a diagnostic analysis will be illus-
trated by building an adequate Hougen-Watson model
from conversion-space time data on the complete vapor
phase oxidation of methane over a solid palladium-alu-
mina catalyst. The essence of the model building proce-
dure is the analysis of the residuals of a certain diagnostic
parameter occurring in the Hougen-Watson models (2).

The success of this technique depends to a certain ex-
tent upon the model initially considered. For instance,
suppose that instead of beginning with the models of
reEerence 1, we had considered the grossly inadequate
model ge?

1—y)(x2—2x
ol Ay)(z/\ 1Y) (1)
Ci1+ Cay

J. R. Kittrell is at Chevron Research Company, Richmond, California.
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where
A 1 1 K3
Ci=—4+— 2
TR Rt TR (2)
or
A
C1 = bo + byx; + baxs (3)
and
JAY Kg 1
e (2oL, .
2 oK, % 1Y (4)

Equation (1) corresponds to the surface reaction con-
trolled reaction of adsorbed methane with gaseous oxygen
to form adsorbed carbon dioxide and vapor phase water.
Hence, the expected value of the residual can be obtained

by using the 61 of Equation (3) and the true value of
C; from the previous paper (1):

Cy = Bo -+ Boxy + Baxs + Baxs + ¢ (5)

The expected value of the residual thus becomes

E(C1—6)) = E(g,— bo)
2%, E(by) + %3 E(bs) + %3 E(B3 — bs) + x4 E(bs) (6)
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or, for a factorial design

A
E(Cy— Cy) = Boxz + Baxs

In the former case, the residual will be correlated with the
weighted sum of variables x;, %3, %3, and x4. Although a
trend may still be detectable, we will not generally be
able to determine with which of the variables the residual
is correlated and thus we will not know how to correct
the model. The next section suggests one method of ob-
taining a good starting model for the model building
technique.

INITIAL MODEL SELECTION

As previously mentioned the diagnostic parameter C,
can be effectively utilized in an iterative model building
analysis, provided a reasonably good initial model is em-
ployed. We shall now show how the experimenter can be
guided in the selection of an appropriate initial model
with the aid of the second parameter C;. Consider the
general representation of a surface reaction controlling
model for the complete oxidation of methane.

. kxy (1 —y) (x2 — 2xyy) 2

This contains only two parameters, b and n, and known
experimental variables [C, is given by Equation (10)].
Hence, it is possible to estimate the magnitude of the
parameter n, the power of the denominator of Equation
(7), from a set of experimental data. This estimation can
be effected by any of several methods, such as linear least
squares, a grid-search procedure (3), or nonlinear least
squares. Once the number of participating active sites n
is specified, the number of possible describing models is
greatly decreased. Generally, the selection of any of these
models will be a sufficiently good model for a subsequent
diagnostic analysis on the parameter C;. The entire pro-
cedure is illustrated in the following example.

EXAMPLE

The experimental system to be studied here is the com-
plete vapor phase oxidation of methane over a palladium-
alumina catalyst;

“CH, + 20, = CO, + 2H,0

An integral reactor was used to study this reaction, with
conversion-space time data taken at 350°C. and at ap-

The problem of specifying an adequate model will then
be to determine the exponent n (by means of Cs) and to
determine which of the denominator terms may be omit-
ted (by means of Cy). Utilizing the continuity equation
for the plug flow integral reactor and collecting terms, we
obtain

dw  [(1+ Kt + VKars + Koxs + Kexa) + (Ks + 2Ky — 2VKs — Ki)nay) 1°

[+ K (1—y) + VRo(x — 2uy) + Kalxs + 2ry) + Ke(xa + 269) 17

(7

proximately 1 atm. total pressure. A complete description
of the experimental apparatus and the reacting system has
been presented elsewhere (1). For this study, eight dif-
ferent conditions of the initial partial pressures of the re-
acting gases were used, with the levels of these variables

3{/— kxl(l—-y) (xz—2x1y)2
or
A A
ow [C1 + Czy]"

S m(l—g) (20 ®)

Now, as before, C; is obtained from the experimental
data through
i/n
¥y=0 }

The derivative in this equation is the reciprocal of the
initial slope of the conversion-space time data. By taking
the second derivative, the observed value of C, is found:

Cy»

y=0 X3xg%

Jw
C= {xxxzz -
dy

(10)

_ X1X2 2w
T nCynt Y2 ay?

2

(22 + 4x;) }
(11)

The values of C; and C, predicted from the generalized
model are, respectively

A
01 = bo + b1x1 + ngz + b3x3 + b4X4

A
Cz = bx; (13)
Note that, as described before, 6’1 changes greatly, de-

(12)

A
pending upon the model assumed; C,, however, remains
the same for all surface reaction models. A combination
of Equations (11) and (13) yields

X1X2

0w
X
nCI"_ 1 2 6y2
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bx1 =

C»
~ ——— (%3 + 4y)
y=0 X1x5?
(14)

A.1.Ch.E. Journal

(8)

set approximately according to the 2?111 fractiona] fac-
torial design of Table 1. For these eight runs, twenty-two
conversion points were obtained and are presented in the
earlier article. In the analysis to follow, the average initial
partial pressures of the reacting components during each
of the eight runs will be required; these differ only slightly
from the levels of Table 1 (due to errors in setting the
variables) and are presented in Table 2.*

*Tables 2 and 3 have been deposited as document 8980 with the
American Documentation Service, Library of Congress, Washington 25,
. Ch,lmand may be obtained for $1.25 for photoprints or 35-mm.
micro: .

TaABLE 1. EXPERIMENTAL DESIGN

Run No. 31 ) & &4
1 —1 —1 -1 +1
) +1 —1 -1 -1
3 ~1 +1 —1 -1
4 +1 +1 —1 +1
5 -1 —1 +1 —1
) +1 —1 +1 +1
7 -1 +1 +1 +1
8 +1 +1 +1 -1

x1—0.015 x2 — 0.120
T 0.005 0.060

x3 — 0.065 x4 — 0.095
T 0.035 T 0.055
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1

.

0 ! 2 3
PARAMETER n

Fig. 1. Contours of sums of squares surface for
Equation (14).

In the estimation of the parameter n of Equation (11),
linear least squares may sometimes be used. A visual in-
spection of the data, plotted in Figure 1 of the earlier
paper, indicates that tiese low conversion data may be
representable by a straight line. If this were the case, the
second derivative of Equation (14) would vanish and the
equation would simplify to

2
i (Z22) —ntn (222 4 nin(—bm) (15)
7o 4x; + x2

Here, r, denotes the initial slope of the conversion-space
time data; C; of Equation (14) has been written as de-
fined in Equation (10). Using the left-hand side of Equa-
tion (15) as the dependent variable in an unweighted
linear least squares analysis, we estimated a value ot 2.61
for n, with a standard error of 1.2. This suggests, al-
though not precisely, that only models with three active
sets participating in the reaction need be considered. In
this example, however, there is some evidence of lack of
fit in assuming a linear conversion-space time relationship;
hence since a nonzero second derivative may exist, the
above linear least squares analysis is of questionable value
here.

In order to estimate this second derivative, the conver-
sion-space time data were fitted by a second-order poly-
nomial. The fitted coefficients were then used to obtain

TaBLE 4. MATRIX OF TERMS COMPRISING POSTULATED MODELS®

Carbon
Model No.  Methane, x1  Oxygen,x2  dioxide, 3 Water, x4
1 1 1 0 0
2 1 1 0 1
3 1 1 1 Q
4 1 0 1 1
5 0 1 1 1
6 1 1 1 1
® 0 and 1: gaseous and adsorbed state, respectively.

analysis is shown in Figure 1. The minimum sum of
squares of this plot yields the estimates of the parameters
b and n best describing the-data, which are, respectively,
—0.3 and 3.0. It may now be seen more conclusively that
the best value of n’is three. Higher values of n are not
considered here because they are theoretically improbable.
A nonlinear least squares analysis will also yield this re-
sult if n is constrained to be three or less.

With n set at 3, the possibility of considering a grossly
wrong model and hence reducing the effectiveness of the
C, residual analysis is diminished. With n = 3, one
model with a minimum number of parameters is model 1
of Table 4. By choosing a model with the smallest num-
ber of parameters, of course, we tend to prevent including
parameters in the models unless their presence is abso-
lutely necessary (principle of parsimonious parameteriza-
tion). The residuals of the diagnostic parameter C; for
this model are shown in Table 5, for use in an analysis
such as that proposed in the earlier paper (I1). Note that
the perfect correlation of the signs of the residuals with
the water partial pressure of Table 1 suggests that model
1 should be modified by changing the manner in which
the effect of water is taken into account. To maintain n
= 3, this requires the inclusion of an additional parame-
ter, resulting in model 2 of Table 4. The residuals of
model 2 of Table 5, being perfectly correlated with the
carbon dioxide level of Table 1, suggest that the effect of
carbon dioxide is improperly described by model 2. Keep-
ing the number of parameters to a minimum, we are thus
led to model 3 of Table 4. However, the residual trends
of model 3 as shown in Table 5 would indicate that the
effect of water is not described adequately by the model.
Utilizing the principle of parsimonious parameterization,
one can consider both water and carbon dioxide to be
adsorbed and oxygen to be nonadsorbed, resulting in the
three-parameter model 4. The residuals in Table 5 for
mode] 4, however, are correlated with the oxygen level.
Hence, model 5 would perhaps be preferable, for it like-
wise contains only three parameters while allowing ad-
sorbed oxygen. The random residuals of Table 5 for
model 5 indicate that this model cannot be rejected by
using the data presented. Thus, a reaction rate model
adequately describing these experimental data is model 5:

TaABLE 5. RESIDUALS OF PARAMETER C1 FOR THE
PosTuLATED MODELS X 103

Residuals for model

5
estimates of the first and second derivatives. Using thesi Run No. 1 2 3 4 ‘
derivatives shown in Table 3* and the average partia
pressures of Table 2, we calculated the sums of squares 1 +:13é'; _}33 tg‘g :’;}ig Igg?)
of residuals of the second derivative over a grid of possi- % 495 ool  _a75 4754 _108
ble values of the parameters b and n. In calculating these 4 1533 _054 4 343 1788 4093
residuals, the predicted value of the second derivative is 5 7118 1181 —237  —700 +0.24
obtained from Equation (14), while the observed valu.e 6 +3.39 10.55 +2.01 _875 2051
is obtained from Table 3. A portion of the results of this 7 1401 4142 4297 4804  —0.08

%See foonote on page 1015, 8 —1.13 4-1.42 —2.46 4-7.16 +0.29
A.L.Ch.E. Journal September, 1966
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r= k1\/T<_2x1(1—y) (xz——2x1y)2

[1+ VEKyxs — 2x1y) + Ka(xs -+ x1y) + Kylxg + 2x1y)1° )
(16

This model was also obtained in the earlier paper (1),
where the residual mean square was shown to compare
favorably with that expected from pure error. It is seen,
then, that we have been led logically from one model
to another within the small class of models for which n =
3 by the above analysis.

DISCUSSION

The foregoing development represents a substantial
deviation from, and in some cases a distinct improvement
on, the more usual methods of obtaining a reaction model
adequately describing a set of data. In particular, for
Hougen-Watson models, one often must set forth a large
number of possible models and extensively search through
these to find an adequate model. Common criteria for
adequacy are that the data plot linearly with the proper
choice of the ordinate and that the parameter estimates
be acceptable (4). For methane oxidation, more than
eighty such models could be thus considered. By contrast,
we begin with the class of surface reaction controlling
models, since experience has indicated that these models
are generallﬁ found to represent reaction data. An excep-
tion to such an approach may sometimes be found in
high-pressure processes, in which adsorption or desorption
controlled reactions may exist. The analysis, then, provides
first for an estimate of the number of sites participating in
the reaction, n, without the necessity of the simultaneous
estimation of the magnitudes of all of the individual ad-
sorption constants in the model. Then, a model with the
appropriate value of n and with the minimum possible
number of adsorption constants is considered and the ex-
perimenter is led by the experimental data and the analy-
sis to a model with a minimum number of parameters
which adequately represents the data.

It should be noted, however, that no claim is made
concerning the mechanism of the reaction or even the
uniqueness of the model which has been set forth as ade-
quately describing the experimental data. We do claim,
however, that a logical procedure is now available for ob-
taining a Hougen-Watson model which adequately repre-
sents the data and which is in accordance with the princi-
ple of parsimonious parameterization.] In this light, it
should be noted that model 6 of Table 4, heretofore un-
mentioned, will also represent the data. It could happen
that this model would represent the data with a zero
value of the methane adsorption constant, thus reducing
model 6 to model 5. Actually, a fit of this model to the
data by nonlinear least squares indicates that the best
estimate of the methane adsorption constant is 27 atm.™?,
but with a confidence interval so large that a zero adsorp-
tion constant fits the data almost equally well. The reason
for this large confidence interval is that the methane par-
tial pressure of Table 2 has been varied only between 1
and 2%, an insufficient variation for the precise specifica-
tion of the effect of adsorbed methane on the conversion-
space time data. This limited variation was used because
the original study (5) was directed toward a study of
methane oxidation in catalytic afterburning of exhaust
gases for pollution control, for which low methane com-
positions are relevant. If, on the other hand, a precise
mechanistic model is desired, wider variations of the in-
dependent variables are necessary. In fact, such an en-
deavor will often entail the selection of certain critical
experiments, that is, it is largely concerned with experi-
mental designs rather than only data analysis as described
here. A review of the literature in the field of mechanistic
modeling has been presented elsewhere (6).
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NOTATION

b = estimated value of a collection of adsorption con-
stants of Equations (8), (9), and (13)

b; = estimated value of a collection of adsorption and
rate constants generally defined in Equations
(8), (9),and (12),i=10,1,... 4

C: = observed value of the diagnostic parameter Cj,
generally defined in Equation (10)

A

C, = predicted value of the diagnostic parameter C,
generally defined in Equation (12)

C; = observed value of a parameter as defined in
Equation (11)

62 = predicted value of a parameter as defined in
Equation (13)

E(x) = expected value of any random variable x

k = estimated value of the collection of all kinetic
terms in Equations (7) and (8), g.-mole/(g.-cat.)
(hr.) (atm.3)

ky = estimated value of the rate constants of Equa-
tions (1), (2), (4), and (16), g.-mole/(g.-cat.)
(hr.) (atm.2)

K; = adsorption equilibrium constant for methane,
atm. =1

K; = adsorption equilibrium constant for oxygen,
atm. ™2

K; = adsorption equilibrium constant for carbon diox-
ide, atm.™?!

K, = adsorption equilibrium constant for water, atm.™!

n = exponent of denominator of generalized rate ex-
pression, Equation (7)

r = reaction rate, g.-mole/(g.-cat.) (hr.)

r, = initia] slope of conversion-space time curve, g.-
mole/ (g.-cat.) (hr.)

w = space time, (hr.)(g.-cat.)/g.-mole

x = generalized random variable

X1 = initial partial pressure of methane, atm.®

x; = initial partial pressure of oxygen, atm.*

X3 = initial partial pressure of carbon dioxide, atm.*

X4 = initial partial pressure of water vapor, atm.*

y = fractional conversion of methane

Bi = true values of the collections of rate and adsorp-
tion constants denoted by b, i =0, 1,2,...4

€ = experimental error associated with the determin-
ation of the diagnostic parameter C;

& = standardized independent variables as defined in

Table 1.
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St A W N

® The variables x: in the previous paper (1) were erroneously de-
fined to be mole fractions. In this communication and the previous
paper they should be partial pressures.
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